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1 Cohomology

Before we conclude, we will briefly describe the concept of cohomology and in particular, the de Rham

cohomology. The concept of cohomology is very closely related to homology, and most of the concepts in

cohomology (e.g. cochain, cocycle and coboundary) are derived from the related concepts in homology.

Given a chain complex {C•, ∂•} (with coefficients in groupG), consider a linear function (homomorphism)

α : Cn → G′ for some group G′. That is, given any chain σ ∈ Cn we can compute α(σ), which will give

us a value in G′. Now consider the set of all such linear functions Cn → G′ that are possible, and call

this set Cn. Thus α ∈ Cn. One can define an addition, ], on elements of Cn: For α1, α2 ∈ Cn, we define

(α1 ] α2)(σ) = α1(σ) +′ α2(σ), where ‘+′’ is the addition operator in G′. It is easy to see that Cn, along

with the addition ], forms a group. This is called the nth cochain. Concisely one writes Cn = Hom(Cn, G
′)

and call it the dual group of Cn. Elements of Cn are called n-cochains, which essentially are functions from

Cn to G′. Thus, for every cochain α ∈ Cn and every chain σ ∈ Cn, the evaluation of α on σ, i.e., α(σ),

gives a value in G′.

Also, corresponding to every ∂n in the chain complex, one can define a dual map δn−1 : Cn−1 → Cn as

follows: Consider a β ∈ Cn−1 (which is a function from Cn−1 to G′). Then δn−1(β) is an element of Cn

such that for every σ ∈ Cn the following holds: (δn−1(β))(σ) = β(∂n(σ)). It is easily seen that {C•, δ•}
forms a sequence

· · · ←−− Cn+3 δn+2

←−−−− Cn+2 δn+1

←−−−− Cn+1 δn←−−− Cn
δn−1

←−−−− Cn−1
δn−1

←−−−− · · ·

with δn+1 ◦ δn = 0, ∀n. This, in fact, is a chain complex with a increasing sequence of indices (which is

no different from a standard chain complex since it can always be converted to a decreasing sequence by a

variable substitution). This chain complex is however called a cochain complex, the dual of a chain complex.

Just as in a chain complex, we can compute the homologies. Such groups are called the cohomology groups:

Hn(X) = Ker(δn)/Img(δn−1).

n-cocycles are elements of the group Zn := Ker(δn). They have the property that they evaluate to

zero on every n-boundary. n-coboundaries are elements of the group Bn := Img(δn−1). They have the

property that they evaluate to zero on every n-cycle and n-boundary. Cohomology classes of cocycles have

similar interpretation as homology classes: Each cohomology class contains the cocycles that differ by a

coboundary. Thus, two cocycles from the same cohomology class will evaluate to give the same value on

two cycles from the same homology class. Figure 1 illustrates how two cocycles evaluate on different cycles

in the space X.

†Adapted from [1]
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Figure 1: Two cocycles, α1, α2 : C1(X) → R, acting on various cycles. The cohomology class of these two
cocycles are generators of H1(X). In this example, H1(X) u R2 as well as H1(X) u R2 (with all coefficients
in R).

1.1 De Rham Cohomology Groups

A related concept is that of the De Rham Cohomology. Here, instead of looking at functions from Cn(X)

to a group G′ (functions that can be evaluated on n-cycles), we look at differential n-forms [2] that can

be integrated on n-cycles. In fact, due to the linearity of the cochains (i.e. the functions Cn(X) → G′),

one would expect that the cochains can be written as some form of integral (e.g.
∫
σ1+σ2

ω =
∫
σ1
ω +

∫
σ2
ω

lets us define a cochain α(σ) =
∫
σ
ω). It can in fact be shown that there is a 1-to-1 correspondence

between n-cocycles and closed differential n-forms. This is formalized by the de Rham theorem that gives

an isomorphism between the cohomology groups and the de Rham cohomology groups, H∗dR(X), of a space

X.
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